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Abstract

We show that introducing rational inattention into a model with uninsurable
unemployment risk can generate multiple steady states, when the model with
full information has a unique steady state. The model features persistent,
heterogeneous labour market expectations, consistent with survey evidence.
In a heterogeneous agent New Keynesian model, rational inattention to the
future hiring rate generates three steady states: an unemployment trap with
mild deflation and a low (but positive) job hiring rate, a middle steady state
with moderate employment and inflation, and an ‘employment trap’ with high
employment and inflation. Large mutations in the distribution of household

beliefs can shift the economy between steady states.
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1 Introduction

There is a long history of papers suggesting that self-fulfilling expectations might
allow an economy to become stuck in a bad steady state (see Diamond (1982) for an
early example). An important example concerns the interaction of labour market
expectations and precautionary saving. If households believe that their future em-
ployment prospects are bleak, they will increase precautionary savings today (Car-
roll and Dunn, 1997). The resulting fall in aggregate demand causes employment to
fall, confirming the pessimistic beliefs. The sharp rise in the savings of wealth-poor
households, who are least able to self-insure against unemployment risk, suggests
that this was an important factor in the fall in consumption during the Great Reces-
sion (Heathcote and Perri, 2018). In existing models of this mechanism households
precisely co-ordinate their labour market expectations on a particular equilibrium,
as is common in models with multiple equilibria (Morris and Shin, 2000).

In this paper, we show that if it is costly for households to process informa-
tion about future labour market conditions, their optimal information choices can
generate multiple self-fulfilling steady states in a model which would have a unique
steady state if households were fully informed. The unemployment trap generated in
this way relies on the interaction of labour market expectations and precautionary
saving, but it does not feature the strong co-ordination of household beliefs present
in existing models of self-fulfilling labour market expectations.

There are two important assumptions that drive this result. First, we assume
that the hiring rate out of unemployment, which is crucial for precautionary saving
in models with frictional labour markets (e.g. Ravn and Sterk, 2020), is not observed
directly by households. Instead, we assume that households can obtain signals about
the hiring rate, but that this information processing is costly. Households therefore
choose to process somewhat noisy signals before deciding on their consumption,
following the literature on rational inattention (Sims, 2003). Importantly, we allow
households to choose the structure of their signals, not just how much information
those signals contain. The hiring rate is naturally bounded between 0 and 1, and in
rational inattention problems with a bounded unknown variable the optimal signal
has a discrete number of possible realisations even though the underlying variable
is continuous (Matéjka, 2016). This nonlinear signal structure is what drives the
possibility of multiple steady states.

The information processing cost implies that households have limited information
about realisations of the hiring rate. Our second key assumption is that households
also have limited information about the structure of their environment: they do not

precisely know the true equilibrium marginal distribution of the hiring rate. This



is related to the ‘internal rationality’ studied by Adam and Marcet (2011). To our
knowledge, we are the first paper to examine this combination of rational inatten-
tion and imprecise prior beliefs. This second assumption is consistent with hiring
rate expectations reported in the Survey of Consumer Expectations: expectations
have a much greater variance than the underlying hiring rate, which suggests that
households do not have a good understanding of the range of values usually observed
for the hiring rate.

The information choices made by households in this environment imply labour
market expectations which are also consistent with survey data along other key
dimensions. Expectations in the model are heterogeneous and persistent. They are
only weakly co-ordinated across households: when the hiring rate falls, households
on average receive signals that indicate it has fallen, and so average hiring rate
expectations fall. These signals, however, are very noisy, so at the same time as the
average expectation is falling a little, some households are shifting their expectations
up, and others are expecting a large collapse in the hiring rate.

We find support for all of these features of expectations in the Survey of Con-
sumer Expectations. Even after controlling for a range of personal characteristics,
there is a great deal of disagreement about the expected hiring rate each month,
and expectations are highly persistent at the household level. We also find evidence
that co-ordination of beliefs is weak: changes in average expectations account for
just 0.1% of the variation in household belief changes, suggesting that households
do not simultaneously agree on shifts in the hiring rate. That is, most changes in
household beliefs are idiosyncratic, as in the model.

The combination of information processing costs and imprecise prior beliefs is
central to our results. To see why, consider an economy at a non-stochastic steady
state. The true distribution of the hiring rate contains a single point. If households
have precise knowledge of this distribution, then they know the hiring rate with
certainty. The model with rational inattention is trivially identical to the model
with full information, and the only possible steady state is the unique steady state
from the full information model.

More generally, if small shocks imply that the hiring rate has a non-degenerate
distribution that remains tightly concentrated around some steady-state level, the
actions of a fully-informed household will also be concentrated in a tight range.
If an inattentive household knows this distribution there is no need for them to
consider actions far away from that full-information range. The actions of inattentive
households therefore remain very close to the actions that would be taken under

full information, so there is little scope for multiplicity. When households do not



know the true distribution of the hiring rate, however, their actions may deviate
substantially from those that would be made under full information, and in that
case it is possible for there to be multiple steady states, even when the model with
full information has a unique steady state.

Given this logic, it is important for our results that beliefs about the hiring rate
distribution remain imprecise over time. In the model we find that this is indeed
the case, even when households can use the information they processed in previous
periods to update their prior beliefs over time, because each period households
process information until its marginal benefit equals its marginal cost. As long
as that occurs before prior beliefs converge to the true distribution of the hiring
rate, households will never choose to process the information required to learn that
true distribution. This means that multiple steady states can survive even when
beliefs are updated over time. When the information cost is such that there are
three steady states, we find that the outer steady states (the unemployment and
employment traps) are locally stable, while the middle steady state is unstable,
with respect to ‘mutation’ shocks which alter the distribution of prior beliefs in the
population. Large mutations can cause the economy to transition between steady
states.

Section 2 places this work in the context of the literature. In Section 3 we develop
our results within a simple model. In Section 4 we introduce our mechanism into
a version of the HANK model from Ravn and Sterk (2020), in which the future
hiring rate is very important in household decisions. We show that the combination
of rational inattention and imprecise prior beliefs about the hiring rate generates
three possible steady states: an unemployment trap with a low hiring rate and mild
deflation, a middle steady state with higher employment and moderate inflation,
and an ‘employment trap’ with very high employment and high inflation. In Section
5 we show that several key features of our model are found in survey data on hiring

rate expectations. Section 6 concludes.

2 Related literature

This paper relates to several strands of existing literature. Firstly, there is a vast
literature studying fluctuations and traps driven by self-fulfilling expectations (see
Cooper and John (1988) for a review of the early literature). Specifically, in our
model changes in labour market expectations affect precautionary saving decisions,
which in turn affect aggregate demand and so the labour market. Challe and Ragot

(2016) show that a tractable model featuring this mechanism fits US data on ag-



gregate consumption significantly better than benchmark models, and Challe et al.
(2017) find that the feedback loop between unemployment risk and precautionary
saving played a significant role in the Great Recession. Beaudry et al. (2018) show
that it can lead to a ‘Hayekian’ recession after an over-accumulation of durable
goods. Closely related to our paper are Heathcote and Perri (2018) and Ravn and
Sterk (2020), who show that self-fulfilling labour market expectations can lead to
the existence of multiple steady states: an economy can get stuck in a bad steady
state where pessimistic beliefs persist indefinitely. We contribute to this literature
by showing that these unemployment traps can be generated purely through the
optimal information choices of rationally inattentive households, even in a model
which is linear under full information. Moreover, our model does not require the
co-ordination of beliefs which Morris and Shin (2000) argue is often necessary in
models with multiple equilibria.

We also contribute to the literature on rational inattention (RI). Most existing
models with RI over continuous variables have agents with quadratic objective func-
tions collecting costly information about a random variable with a known Gaussian
distribution.! This has proved useful in understanding consumption patterns (Sims,
2003; Luo, 2008), price stickiness (Mackowiak and Wiederholt, 2009), business cycles
(Mackowiak and Wiederholt, 2015), and other macroeconomic phenomena. Matéjka
(2016) and Jung et al. (2019) show, however, that assuming a bounded prior belief
leads to very different results to the quadratic-Gaussian formulation. Specifically,
they show that the optimal decision rule of an agent facing a rational inattention
problem with a bounded prior entails the agent choosing to limit themselves to a dis-
crete number of options, even when the optimal choice under perfect information is
continuous. As the probability of finding a job is naturally bounded by 0 and 1, our
model displays these features. This paper is therefore a response to the call in Sims
(2006) to explore the implications of RI away from the quadratic-Gaussian case. To
our knowledge we are the first to incorporate rationally inattentive households with
bounded prior beliefs into a general equilibrium setting.?

Our framework also relates closely to the literature on internal rationality. Adam
and Marcet (2011) show that allowing for internally rational agents, who optimise
given their beliefs but do not precisely know the equilibrium distributions of state

variables, has important effects on asset pricing models. Adam et al. (2012) use

IThis is convenient as the optimal posterior belief about the shock, after processing information,
is also Gaussian. See Mackowiak et al. (2020) for a review of the RI literature.

2Stevens (2019) explores a model in which the opportunity for firms to pay a fixed cost to
exactly reveal the state of the economy places a bound on the range of shock realisations under
which a given signal structure is expected to be in operation, which leads to the same kind of
discrete decision rules for her firms that we obtain for households.



this to explain movements in house prices and the current account. We extend this
literature by showing that the interaction of internal rationality and information
processing costs creates multiplicity, where neither assumption generates this by
itself. We believe that we are the first to combine these two information restrictions.
We deviate from existing literature on internal rationality in that we do not assume
that agent beliefs are close to the true equilibrium distribution of the state variable.
The typical logic for ‘near-rationality’ is that agents learn over time, so would discard
any beliefs which are far from the truth. This does not happen when households
learn in our model, because to learn they must process costly information, which
means households stop learning before they reach near-rational beliefs.

Finally, our work contributes to the literature on heterogeneous expectations in
macroeconomics. Armantier et al. (2015) and Meeks and Monti (2019) show that in-
flation expectations are heterogeneous across households; in Section 5 we document
that the same is true for hiring rate expectations. The theoretical implications of
heterogeneity in inflation expectations have been studied by Andrade et al. (2019)
and Wiederholt (2015), among others. In contrast to this literature, we study het-

erogeneous labour market expectations.

3 Static model

This section illustrates our mechanism in a simple static model. There are two sub-
periods in this setup, which we refer to as morning and afternoon. The consumer
problem is related to Ravn and Sterk (2020) and to our HANK model in Section 4,
but is substantially simplified by the static nature of the problem. The firm side is
also kept very simple, to illustrate the key forces driving the unemployment trap. In
Section 3.8 we construct a dynamic model by repeating this static model, allowing
households to update their prior beliefs over time using information processed in
previous periods. This demonstrates that the unemployment trap does not disappear

even when households update their prior beliefs over time.

3.1 Households

There is a unit mass of households. All households are employed in the morning,
and they receive a wage of 1. With probability w a household loses their job at the
end of the morning. There is then a round of hiring by firms, so newly separated
workers find employment for the afternoon with probability n. If they are employed
in the afternoon, the household receives a wage w. If they are unemployed they

receive the value of home production 6 < w.



Households can save or borrow in the morning at interest rate R. The budget
constraints for household ¢ in the morning, afternoon if employed, and afternoon if

unemployed (respectively) are:

Cmi - =1 (1)
Coi = W + by (2)
Coi =0+ by (3)
Combining these we have:
Coi = w + R(1 — i) (4)
ct. =0+ R(1 —cpm) (5)

Households have quadratic utility over consumption in each sub-period: U(cy) =
—%(Cm‘ — ¢p)?, where ¢ is a constant. They discount afternoon consumption with a

discount factor [, so they choose morning consumption ¢,,; to maximise:
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Where ¢, and ¢, are given by equations (4) and (5). V(¢m:, 1) denotes the expected
present value of choosing morning consumption ¢,,; when the hiring rate is n. The
hiring rate is the only variable about which the household may be uncertain.
A fully-informed household observes the hiring rate, and chooses morning con-

sumption according to:
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(7)

Full-information morning consumption is therefore an increasing linear function of

the hiring rate, due to a simple consumption smoothing motive.?

3When 7 rises the probability of being employed rises, which increases expected afternoon
consumption, and so in turn increases optimal morning consumption. Throughout the paper we
refer to the saving households engage in to insure themselves against future unemployment as
‘precautionary saving’, but we do not mean by this that the certainty equivalent level of afternoon
consumption is below the expected level of ¢,, which would require a utility function with a positive
third derivative. Rather, we mean that households choose to save in this model as a precaution
against future unemployment.



3.2 Rational inattention problem

We now relax the assumption that households can precisely observe the hiring rate 7.
Instead, we assume that they can collect information about n from a variety of noisy
signals, but that doing so is costly. This cost is increasing in the informativeness of
the signal chosen. This is formalised in equation (11) below. As well as the amount
of information in the signal (which we will denote k), the agent must also choose
how this information is to be structured: they could choose a signal which is very
accurate in some ranges of 1 but not in others, for example.

The payoff function being maximised is as in equation (6). The agent views
the hiring rate as exogenous.* In maximising their expected utility the agent must
decide on an optimal decision rule to map the signals they are able to process to
consumption.

The solution to this problem therefore takes the form of an information strategy
and an action strategy. The information strategy gives the amount of information
the agent should process, and what form the signals should take. The action strategy
maps from signal realisations to consumption choices.

This household problem is closely related to the firm profit maximisation prob-
lem in Matéjka (2016). We therefore proceed by following the steps used to solve
Matéjka’s firm problem. First, we simplify the household problem by noting that
the quadratic value function in equation (6) implies a one-to-one mapping between
the expected hiring rate and optimal morning consumption. A household will never
choose a signal structure that has two distinct possible realisations that imply the
same expected hiring rate, because distinguishing between the two realisations is
a waste of information processing. There will therefore be a one-to-one mapping
between signal realisations and the optimal morning consumption choice. We can
therefore leave the signal choice in the background of the problem, and instead study
the optimal decision rule linking morning consumption to the hiring rate, subject
to the information costs of implementing such a rule.

Specifically, we express the household’s decision rule as f;(7, ¢;n;), the joint prob-
ability density function over the hiring rate and morning consumption. That is,
given a particular hiring rate 7, the household chooses how frequently they will
choose each different possible level of morning consumption. They are aware that
signals contain noise, so they are deciding how often, and by how much, they are
willing to choose the wrong c,,; for each level of 7, given the information costs of

reducing those mistakes.

4The hiring rate will in fact be endogenous to aggregate agent choices, but the agent does not
take this into account. This is explored in more detail in Section 3.7.



The problem of household i is therefore:

fi = argmax E,;[V (cmi, n)] — ¢H(fi,9i)

fi
:M@%MLZ;VQWWMWWMWW%WW%@ﬂJ(&
subject to
/C - fi(n, emi)den; = gi(n)  Vn (9)
Fi(n mi) 20V, s (10)
6(fir ) = Hlga(n)] — Eoyp H{fi(n] o) (11)

The function H[.] is the entropy of the distribution over which it operates. That is:

Msz—/mewMW7 (12)

The first constraint (9) ensures that the marginal distribution of the hiring rate
n obtained from the optimal joint pdf is consistent with g;(n), household i’s prior
belief about the distribution of the hiring rate.’

The second constraint (10) is that the solution must be positive everywhere, as
required for the decision rule to be a joint pdf.

The final constraint (11) is the information processing constraint. Entropy H|.] is
a measure of the dispersion of a distribution. The first term of constraint (11) is the
entropy of the prior. The prior reflects the information held by the household about
the distribution of the hiring rate before receiving any signals. We will assume for
now that this prior is the same for all households and is uniformly distributed, so
the prior is rather dispersed and entropy is high (this is relaxed in Section 3.8).
The second term is the expected entropy of fi(n|cmi), the updated distribution
over the hiring rate believed by the household after processing their signals.® A
precise posterior knowledge of n would give a very low posterior entropy, so the

entropy difference from the prior would be large. Information costs in this model

°In Matéjka (2016), this marginal distribution of the variable subject to rational inattention
is the true distribution of that variable. This will not be the case here, as n will be determined
endogenously in the model. Instead, the marginal distribution obtained by integrating the joint pdf
over consumption should be interpreted here as the distribution of the hiring rate the household
is expecting to see from their ‘ignorance prior’ (see Section 3.7).

6The information content of the signals is incorporated into the choice of ¢,,;, so the conditional
distribution of n given the choice of ¢,,; gives the posterior belief about 7. This is a consequence
of the one-to-one mapping between signals and actions discussed above.



are proportional to this difference, that is how much the agent can learn from the
signals. Note that with identical prior beliefs, each household now faces exactly the
same problem, and so each household chooses the same decision rule f;. We therefore
drop the ¢ subscripts from the decision rule and the prior belief g. Households will
still choose heterogeneous values for morning consumption, because the optimal
signals contain idiosyncratic noise.

Given a particular level of information processing x, the household must decide
how to allocate that information processing budget. They could, for example, ensure
they make no mistakes at all when the hiring rate is above a certain threshold,
but in doing so they must accept that they will make larger mistakes with higher
probability when 7 is below that level. This means that the household faces a trade-
off: for a particular x they can distinguish between a several values of n which are
close together, but that reduces the entropy of the posterior a great deal, so outside
of that small range of 1 their posterior f(n|cm,;) must remain dispersed. When 7
is in that small range, the household making that decision will be very accurate
in choosing optimal ¢,,;, but when 7 is outside of that range they will make large
mistakes with a high probability. Alternatively, they can choose to allocate their
information processing capacity to distinguishing between a small number of cases
which are far apart. They are then never precise in predicting the hiring rate, but
they make large mistakes less often. This is what drives the result in Matéjka (2016)
that the agent optimally restricts themselves to a small number of discrete levels
of the choice variable, even though a continuous range of that variable is available,

when the optimal « is sufficiently small that the information constraint binds.

3.3 Rational inattention solution

The hiring rate is naturally bounded by 0 and 1. Assume that prior beliefs are
uniform over the whole of this range: g(n) ~ UJ[0,1]. The optimal decision rule is
plotted in Figure 1 for the parameters specified in Appendix A. The marginal cost of
information (i) = 0.002) is sufficiently high that the optimal information strategy is
to collect signals which are less than perfectly informative about 7. The information
processed at this cost is such that the household optimally restricts themselves
to two levels of morning consumption, even though under perfect information the
optimal morning consumption choice is continuous in the hiring rate. The logic
behind this is discussed in Section 3.2 above, and in detail in Jung et al. (2019) and
Matéjka (2016). As the hiring rate increases (and so the optimal choice of morning
consumption under full information increases), the probability a household chooses

the higher level of morning consumption in this restricted menu increases.
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0.04

Figure 1: Optimal decision rule for ¢» = 0.002. Other parameters in Appendix A.

We will refer to the low and high levels of morning consumption chosen with
positive probability as ¢, and cy respectively. The probability of choosing each

level of morning consumption conditional on 7 is (proof in Matéjka, 2016):

fleiln) = =

C je{L H 13
V(e mf( JetbHy )

V(e n)f(e)
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Where we have defined V(c;,1) = exp (w), and f(c;) = fol f(n,¢;)dn is the
unconditional probability of choosing c;.
In this simple model, quadratic utility and the uniform prior mean that there is
no incentive to err on the side of over- or under-consumption. We find numerically
that f(c;) = 0.5, and ¢, and ¢y are an equal distance below and above the morning

consumption a fully-informed household would choose when n = 0.5.7

3.4 Aggregate consumption

There is a unit mass of households making this decision. They all face the same
labour market conditions, but we assume that the noise in their signals is idiosyn-
cratic. Therefore for each level of the hiring rate some agents choose each of the
morning consumption levels in the optimal menu which arises from the RI problem

with uniform priors (equations (8) - (11)). The proportions on each level of morning

"This is unsurprising, since Proposition 3 in Matéjka (2016) implies that agents will more

FI 2
frequently take actions associated with regions of 1 where —(ag—;;)%)‘giig’n) is relatively low. In
" (BRw(w—0))>

TIARE and so there is no such bias.

our model this function is constant a
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consumption are determined by the probabilities in the optimal joint pdf obtained
as the decision rule from the household problem.

Therefore for each level of 7 we obtain aggregate morning consumption ¢ using:

0
o) = [ coiflensliden (14)
—c0
Households choose morning consumption to maximise IE,,;V (¢, 1) given their in-
formation set. With no information processing, that information set consists of their
prior belief only.® With a uniform prior IE,,;n = 0.5 for all households, regardless of
the realised value of . Households therefore do not change their morning consump-
tion choice as the hiring rate varies. As the optimal information processing capacity
Kk increases (as ¢ decreases), some information about 7 is processed, so households
begin to choose different levels of ¢,,; for different underlying n. For low values of
k, households optimally restrict themselves to two values of morning consumption.
Importantly, the aggregate morning consumption function has a wave-like shape
around its full information equivalent. This is shown in Figure 2, which plots the
¢(n) implied by the decision rule in Figure 1, alongside the corresponding aggregate
morning consumption functions if households have no information and full informa-

tion about 7.

0 0.1 02 03 04 05 06 07 08 09 1
n

Figure 2: Aggregate morning consumption function with x = 0 (green), x = 0.5
(blue) and in the unconstrained case (red). Other parameters in Appendix A.

8We make the standard assumption in the RI literature that households cannot process negative
amounts of information - they cannot choose to forget information in their prior belief. That means
that if ¢ exceeds the marginal utility of information when the information set only contains the
prior belief, households hit this no-forgetting constraint and process no information (x = 0).
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Consider the case where information processing is constrained but non-zero (the
blue curve). This meets the full information morning consumption function (in red)
at ¢ = 1.06,7 = 0.5. However, at this hiring rate in the full information model,
every household consumes the same amount. In contrast, in the rational inattention
model, half of the households get a signal that the hiring rate is ‘high’ and choose
the high level of ¢,,; = cy = 1.105. The other half receive a signal that n is ‘low’,
and so consume the lower level ¢,,; = ¢, = 1.013.

The flatter sections of the aggregate morning consumption function under ratio-
nal inattention occur where changes in the hiring rate do not lead to much change
in the proportions of agents choosing each level of morning consumption in their
menus. In Figure 1 above, it can be seen that this is the case for extreme high and
low values of 7, and ¢(n) is flat in these regions accordingly. In contrast, as 7 moves
from 0.4 to 0.6, large numbers of households switch from choosing the low level of
morning consumption to the high level, and this corresponds to the steep section of
the corresponding aggregate morning consumption function in Figure 2.

The shape of the aggregate morning consumption function is therefore driven by
the shape of the curves in the optimal decision rule: if the probability of choosing
the low level of morning consumption in Figure 1 fell linearly as 7 increased ¢(n)
would be linear. In fact, the distribution of ¢,,;|n for the values of ¢,,; in the optimal
menu is logistic in shape, which is what gives rise to the wave-like shape of the
aggregate response curve.? Beliefs, and so choices, are therefore endogenously sticky
in certain regions of the support of 7, as a result of the optimal signal structure that
comes out of the entropy-based cost function. It is this non-linearity which leads to
multiple equilibria in our model.

As shown in Matéjka (2016), as information processing x rises further, more
choices of ¢,,,; are introduced into the optimal menu. As this occurs the aggregate
response of morning consumption to the hiring rate approaches the perfect infor-
mation first order condition. For ease of exposition, the graphs in this paper are
all drawn for information costs that imply households choose an optimal menu with
two levels of consumption, but this is not important for the results, as conditional
choice probabilities remain logistic. An example with a lower information cost in

this static model is shown in Appendix B.

3.5 Firms

Usually, rational inattention models specify that agents collect costly information

about exogenous variables, often shock processes. In contrast, we assume that the

9Matéjka and McKay (2015) study in detail the links between RI and the logit model.
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hiring rate is determined in equilibrium by firm hiring decisions.'® For the purposes
of this simple model, it will be sufficient to say that firms hire more workers when

aggregate morning demand is high, so:
n = H(c), with H'(¢) >0 (15)

The focus of this model is household information choices, and the aggregate morning
consumption function these imply, so for simplicity we use a linear H function
throughout this section, though this is not necessary for our results. Appendix C
microfounds such a process for the hiring rate using a model with working capital.
In Section 4 the firm side of the model is standard, as in Ravn and Sterk (2020).

3.6 Equilibrium

It is important here that the hiring rate n is not necessarily uniformly distributed like
household prior beliefs. In Matéjka (2016) and many other models in the rational
inattention literature, agents’ prior beliefs about the distribution of the unknown
variable are correct. We extend the RI literature by considering prior beliefs which do
not precisely match the true equilibrium distribution of the relevant variables. This
may be plausible for variables which are difficult to learn about, perhaps because
they are not easily understood, or because the data is not reported at the front of
central bank communications and other news sources, so the variable’s history is
not easy to observe. The survey data in Section 5 suggests that for the hiring rate,
households do not know the true equilibrium distribution.

In particular, we begin by assuming that households have a uniform ‘ignorance’
prior, which would be justified if the households do not understand how their deci-
sions (and those of other agents) affect the hiring rate.!! This is discussed in Section
3.7. We study equilibrium in the static model with these uniform priors. In Sec-
tion 3.8 we take this as a starting point and repeat the static problem many times,
allowing households to update their prior beliefs each period. We show that the
multiplicity does not disappear if agents update their priors away from the uniform
starting point. Since the household (14) and firm (15) conditions are functions of

the hiring rate and morning consumption only, afternoon consumption is irrelevant

10This distinction is irrelevant in a standard model where agents perfectly understand how
endogenous variables are determined, as agents know the mapping from shocks to endogenous
variables. The distinction is relevant here because we assume that households do not know how
the hiring rate is determined in equilibrium.

1\We require a prior belief which is significantly dispersed, but it does not need to necessarily
be uniform for these results. The prior belief must be bounded, which is ensured in this case as
the hiring rate is between 0 and 1 by definition.
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for equilibrium. From this point, we therefore refer to morning consumption as
consumption, and drop all m subscripts.

The separation of the prior belief and the true equilibrium distribution of n
means that the aggregate consumption function ¢(n) remains as in Figure 2, and
the hiring rate is then determined endogenously by the interaction of this aggregate
consumption and the firm hiring function (15).

The graph below shows this equilibrium interaction. The blue and red aggregate
consumption functions are as in Figure 2. The firm condition (15) is added in
black. Under full information there is one equilibrium, but under RI there are
three: an unemployment trap with low consumption, a middle equilibrium, and an
employment trap with very a high consumption. The three equilibria are associated

with low, medium, and high levels of the hiring rate respectively.

Figure 3: Aggregate consumption response to changes in the hiring rate for full
information (red) and rational inattention with ¢» = 0.002 (blue), with the firm
condition (15) in black. Other parameters in Appendix A.

Consider first the middle equilibrium under rational inattention, at n = 0.48.
As discussed in Section 3.4, at this hiring rate, close to the middle of the uniform
prior belief, aggregate consumption is close to that under full information, but there
is dispersion in household choices underlying this which is not present with full
information. The key difference between aggregate consumption in these two models
can be seen when 7 falls from this central equilibrium. Under full information, all
households respond the same way, by reducing their consumption linearly with the
fall in n. With rational inattention, as discussed in Section 3.4, the response is

heterogeneous and non-linear. As 7 falls initially, large numbers of households switch
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from the high level of consumption cg to the low level ¢y, so aggregate consumption
falls a great deal. But as 7 falls further, there is less change in the proportions on ¢y
and cy. Aggregate consumption therefore declines more gradually, which leads to
another equilibrium at (n = 0.19,¢ = 1.014) in which almost all households choose
the low level of consumption. This is the unemployment trap. Similarly, there is
a high employment steady state at (n = 0.89,¢ = 1.105) which is also not present
under full information.

In effect, households are using their limited information processing capacity to
decide if they face a ‘high’ or ‘low’ hiring rate. As 7 moves a little below 0.5,
the majority of agents decide on ‘low’, and consume accordingly, whereas if they
knew the hiring rate more precisely they would choose consumption based on only
a ‘somewhat low’ 7. As the hiring rate falls even further, the proportion on ‘low’
grows more slowly, and households do not decide on even lower consumption. They
continue to believe that the hiring rate is ‘low’ even when it becomes ‘extremely
low’. The aggregate consumption function therefore flattens out at very low values
of the hiring rate, which is why there is an equilibrium with very little labour market

activity.

3.7 Requirements for multiplicity

The multiplicity of equilibria is driven by the non-linearity in the aggregate consump-
tion function, which arises endogenously from the optimal information processing
decisions of households. To obtain this, we require that households process costly
information about the hiring rate, with an ‘ignorance prior’. That is, households
have only imprecise knowledge of the true equilibrium distribution of the hiring rate.

If information processing is not costly (¢» = 0), then households process in-
formation until they know 7 for certain. Equation (7) shows that the resulting
full-information aggregate consumption function is linear in 7, so there can only be
one equilibrium. Similarly, if the cost of information is too high, households will
process no information, and their consumption choices will not respond at all to the
realised hiring rate. Again, the aggregate consumption function is linear and there
is a unique equilibrium. Multiple equilibria of the kind we identify are therefore only
possible if households process positive, but limited, amounts of information. In that
case, households choose discrete nonlinear signals of the form studied above, the
aggregate consumption function is nonlinear, and so multiple equilibria are possible.

To see the importance of the ignorance prior, consider the equilibria in Figure
3. The true equilibrium distribution of 1 contains just three discrete points. If

household prior beliefs matched this distribution, the optimal level of consumption
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in their decision rule when they received a signal that n was low would be closer to
1.06 (the optimal value when 1 = 0.5) than it is in the figure, as they do not need to
worry about the possibility of an extremely low 7. This, in turn, would mean that
the equilibrium value of 7 in the unemployment trap would be higher. Iterating this
logic, household prior beliefs get more and more precise until the marginal benefit
of the first unit of information processing falls below the marginal cost ¥. At that
point households process no information, so the equilibrium must be unique.!?

The households in most standard rational inattention papers (e.g. Mackowiak
and Wiederholt, 2015) do not have ignorance priors. In such models households
understand all of the direct and general equilibrium effects mapping shocks into en-
dogenous variables, and they know the distribution of shocks, so they can deduce the
equilibrium distributions of all endogenous variables. That kind of model therefore
assumes that households have a large amount of information about mechanisms at
work in the economy (including how other households make decisions), but then it
places limits on the information that those very well-informed households can obtain
about the realisations of the shocks.

Our assumption of ‘ignorance priors’ builds on these existing rational inattention
models by assuming that households do not perfectly understand the links from
shocks to aggregate household choices to the hiring rate.!® This assumption is
related to the removal of ‘external rationality’ in Adam and Marcet (2011). Like
them, we believe that it is plausible that agents do not precisely know the true
stochastic processes and mechanisms that determine the endogenous variables they
face, especially when those mechanisms are complicated and involve the behaviour
of many other agents. The survey data on hiring rate expectations in Section 5
supports this view: the variance of survey expectations (even after accounting for a
variety of household characteristics) is an order of magnitude larger than the long
run variance of the true hiring rate. It appears that, just as in our model, households
do not know the appropriate range of values for the hiring rate.

However, even if households do not understand the mechanisms leading to a par-
ticular equilibrium distribution of the hiring rate, they might obtain accurate prior

beliefs if they observed the hiring rate over many periods, and learned its equilib-

12The notion that information in priors substitutes for costly new information is explored further
below and in Section 3.8. In principle, we believe it is possible that with certain calibrations and
carefully-chosen processes for selecting between equilibria, the iteration described here would not
imply beliefs converging to a single point. In that case multiple equilibria could exist without the
ignorance prior. Study of when these equilibria exist and their properties is beyond the scope of
this paper. The results in Sections 3.8 and 3.9 require that beliefs remain substantially dispersed
even in a deterministic steady state, where the true distribution of 7 contains a single point.

I3Note that with ignorance priors, higher-order beliefs cannot matter for household choices
because households do not understand how the actions of others feed into the hiring rate.
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rium distribution over time. This is would imply ‘near-rational” subjective beliefs,
which are sufficiently close to the true equilibrium process that agents cannot distin-
guish between the two given the data they observe (as in Adam and Marcet, 2011).
In Section 3.8 we show that this does not occur, and beliefs remain substantially
dispersed even if beliefs can update over time, as long as households can change
their information processing over time. This is because the updating of prior be-
liefs from the initial period (when priors are uniform) implies households process
less information in subsequent periods. Households rely more on their priors and
less on new signals, because their prior beliefs are more informative than in that
initial period (Steiner et al. (2017) explore a similar mechanism in a discrete choice
environment). Prior beliefs therefore do not approach the true distribution of the
endogenous variable.!

The other important condition for multiplicity is that the firm hiring function
H(¢) must be upward sloping. The aggregate consumption function under rational
inattention is non-linear, but is always upward sloping. If it was downward sloping
at any point, then it must be the case that an increase in the hiring rate leads
to a rise in the probability that households get a signal that the hiring rate is
low. An information strategy that leads to expected consumption falling when
labour market prospects improve cannot maximise expected utility when the full
information consumption function implies dcf?/dn > 0. The rational inattention
aggregate consumption function cannot therefore be downward sloping. This means
that if H'(¢) < 0, there will be a unique equilibrium.

We therefore need a degree of strategic complementarity between households and
firms for our multiplicity results. This is very plausible in models of precautionary
saving based on labour market expectations: Ravn and Sterk (2020) show that this
complementarity exists as long as labour income risk is countercyclical, which is
satisfied if real wages are approximately acyclical. Strategic complementarity often
increases the volatility of consumption and labour market variables in response to
shocks, but it only leads to multiple equilibria if one or more model equations is
sufficiently non-linear. In Ravn and Sterk (2020), there is an unemployment trap
steady state at a hiring rate of zero because the Phillips Curve is kinked at that

point by the requirement that vacancy posting cannot be negative.®> Our model is

14The idea that agents might start with a uniform prior when they first attempt to learn about
something, then update, has been suggested as an explanation for experimental decision making
results (e.g. Fox and Clemen, 2005).

15In their Appendix A.1.2 they generate an unemployment trap steady state with a positive
hiring rate through a different non-linearity that enters the household Euler equation when the
assets held by households have a positive net supply. In Section 4 we focus on the case where the
net supply of assets is zero, so this additional nonlinearity is not present.
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different because the non-linearity in the consumption function that generates the
multiplicity does not come from such an imposed cutoff (though we agree that im-
posing that vacancies must be positive is sensible), or from any exogenously imposed
non-linearity in another part of the model. The non-linearity arises endogenously
from optimal household information choices. For this reason, in Section 4 we find
an unemployment trap with low, but positive, labour market activity, whereas the
unemployment trap in Ravn and Sterk has zero employment. We also find a high

employment trap.

3.8 Dynamic solution

Our multiplicity result requires that households have ignorance priors. In a dynamic
model where households process information about the hiring rate each period, they
might update their prior beliefs using information processed in previous periods. Our
multiple equilibria will only therefore survive in the long run if this belief updating
does not lead to beliefs converging to the true distribution of the hiring rate over
time. In this section, we repeat the static model from Sections 3.1-3.6, allowing
households to learn about the distribution of the hiring rate over time. Choosing
a belief updating process that ensures the model remains tractable, we show that
prior beliefs do not converge to the true distribution of 7, even in the long run.
Multiple steady states persist even when households update their priors over time.

Define a period as an iteration of the static model, composed of a morning and
afternoon. As in Section 3.1, all households are employed each morning, and some
lose their job at the end of the morning. Firms then hire new workers for the
afternoon in a frictional labour market. Households start from the uniform prior
belief in period 1, but they can use information from one period to update their
prior beliefs about the distribution of n for the next period. Prior beliefs will not
therefore be uniform in period ¢ > 1. As in the static model, households consume all
of their income and savings each afternoon, so households do not build up wealth,
and prior beliefs are the only link between periods. Again, afternoon consumption
is irrelevant for equilibrium, so we use consumption to mean morning consumption.

Households with ignorance priors do not know the true process generating the
hiring rate, so they cannot update their beliefs using the Bayesian updating rule
derived from that process. Instead, we consider a simple rule for updating beliefs,
which we view as a rule-of-thumb behaviour from households who know very lit-
tle about the dynamic process for 7. If household ¢ has posterior belief f(m|c;;)

after processing signals in period ¢, we will suppose that their prior belief before
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information processing in period ¢ + 1 is given by:

9i(Nesalcie) = pfi(neleis) + (L —p), p€]0,1) (16)

That is, we take a weighted average of last period’s posterior and the uniform (0, 1)
initial prior, with the weight p interpreted as a measure of the (perceived) persistence
of the hiring rate n. This particular updating rule is useful because it implies the
model remains tractable over many periods, as will be shown below.

A further implication of ignorance priors is that households cannot accurately
compute the future value of information processed in the current period. We there-
fore follow Kreps (1997) in assuming households maximise ‘anticipated utility’. That
is, households in period ¢ do not take into account the informational value of their
choices for future periods. This is a standard way to avoid the intractability that
comes from optimisation problems where current choices generate information which
may be useful in future periods (see e.g. Cogley and Sargent, 2005).

With this assumption households act as if they face a series of unconnected
static problems. Prior beliefs are the only connection between periods. In the initial
period, households have a uniform prior so their problem is identical to the one in
Sections 3.2 and 3.3. Households choose a signal with two possible realisations, which
imply consumption choices of ¢;, and cy. We obtain the corresponding posterior

beliefs f(ni|cr1) and f(ni|cq1) by applying Bayes’ rule to equation (13):

~

2V (¢ja,m)
Vieja,m)+Vie—ji,m)

flmleja) = , Je{L, H} (17)
Through the updating rule (16), each of these two possible posteriors translates into
a prior belief in the second period. Prior beliefs differ from the uniform distribution
of period 1 (as long as p > 0), and households will make different information
decisions in period 2 than in period 1.

Recall that agents choose how much information to process (k) such that the
marginal benefits of more information equal the marginal cost 1. Information in
prior beliefs is a substitute for information from new signals. This means that if
prior beliefs are already very informative (low entropy) there is little extra benefit
from more information. In period 2, the entropy of each household’s prior is lower
than it was in period 1, as they have incorporated some of the information processed
in period 1. Households therefore process less information in period 2 than they did
in period 1, and rely more on their priors to guide their decisions. Importantly, this

implies that priors do not converge to the true distribution of 7 over time. Each
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period households process enough information to return them to the point where the
marginal benefit of information equals v. The amount of information in posteriors,
and so priors, does not therefore increase over time. Since prior beliefs have not
collapsed to the truth in period 2, they will not do so in any future period.!®

The set of posterior beliefs held by households at the end of period 2 is in
fact identical to the set held in period 1 when the updating rule is (16). That is,
whether a household begins period 2 with prior g(n:|cr1) or g(n2|cm 1), they choose
a signal with the same two possible realisations as in period 1. Those realisations
imply households choose from the same menu of consumption choices as they did in
period 1, and the posterior belief formed after choosing c¢; in period 2 is the same
as it was in period 1. We prove this in Appendix D.1.

Since the set of posteriors is the same in period 2 as in period 1, the set of prior
beliefs in period 3 is the same as it was in period 2. Households therefore make the
same information choices in period 3 as they did in period 2, and so again the menu
of consumption choices and set of posterior beliefs remains the same. Iterating this
argument for each subsequent period implies that households continue to be split
between these two priors and posteriors. The prior belief g(m41|c;,) is therefore
independent of ¢ and of signal realisations before period t.

The two priors for the calibration used to draw Figures 1-3, and p = 0.9, are
plotted in Figure 4. Households receiving a signal in period ¢ that the hiring rate
is low form the prior belief g(nm+1|crs) (plotted in blue). This puts more weight
on low values of n than the initial uniform prior because it has been formed using
information from the period t signal. For the same reason, the prior of a household
who chose ¢y in period ¢ (in red) has the most weight on high values of 7. We refer
to households holding the low prior g(m41|cr:) as pessimists, and those holding the

high prior g(ne41|cu ) as optimists.

16This insight is not specific to the belief updating rule in (16). A different rule would imply a
different prior g(n2|c;1), but as long as that prior has a greater entropy than the true distribution
of 1 then households will never pay for the information required to learn that true distribution.
The updating rule in (16) and the uniform initial prior are however required for the results we use
to obtain analytic results for the dynamic model below.
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Figure 4: Prior beliefs g(n:1]c:) (blue) and g(m41|cy:) (red) in period t +1 > 1
with ¢ = 0.002 and p = 0.9. Other parameters in Appendix A.

Although optimists and pessimists have the same set of possible posterior beliefs,
they do not have the same conditional choice probabilities, because the marginal
probabilities of each consumption level differ across priors. Specifically, we show in
Appendix D.1 that:

f(cj,t+1|cj,t) = 05(1 + p) > 05(1 — p) = f(Cj’tJrl‘C,j’t) (18)

A household is therefore more likely to choose consumption ¢, if they also chose it in
the previous period. Intuitively, a household chooses ¢, when the signal they receive
implies the hiring rate is low. In the next period, that household has pessimistic
priors, with a large weight on a low hiring rate, and so they are more likely to choose
a low consumption again. Choices and expectations are therefore persistent at the
individual level.

Since the prior belief in period ¢ + 1 is determined by the posterior (and so
consumption choice) in period ¢, the conditional choice probabilities for consumption
are also the probabilities of a household entering period ¢ + 1 with the prior belief
g(mi+1lc;e), conditional on 7, and the prior belief they held at the start of period ¢.
Households therefore move between being pessimists and optimists according to the
transition matrix in Table 1, where each cell (j, k) is f(cg+|cji—1,m), derived using

(13) and the marginal probabilities from (18).
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Table 1: Prior belief transition matrix

Pessimist, | Optimist,
s (A+p)V(cr,mt) (A-p)V(cH,nt)
Pessimist, <1+p>v<(qm))f((kp))V(cH,m) (1+p)v<(cL ,m)w((lfp))v(cH,m)
. e 1-p)Vcg,nt 1+p)V(cH,me
OPtimist; | G et () Viezam) | (a7 (emum+O-p)V(eram)

Let P; be the proportion of households who hold pessimistic priors at the start
of period t. Using the definition in (14), the aggregate consumption function can be

written as:

¢ = c(Pof(cnalme, coi—1) + (L —=Py) flepelm, cai—1))
+eu(Pof(cmelne, coi—1) + (1 —Py) flemelm, cae—1)) (19)

Next we define the stationary distribution of beliefs for each n as the distribution
of households between optimists and pessimists such that if the hiring rate remains

constant at 7, the belief distribution will also remain constant. Formally:

Definition. The stationary distribution of beliefs associated with a hiring rate of n

is a proportion of pessimists P(n) such that:

P(n) =P f(cridn, crir) + (1 =P)fleriln, cui) (20)

We use these definitions to characterise the steady states of the model.

Definition. A steady state is a hiring rate n, an aggregate consumption ¢, and a
distribution of beliefs P such that:

1. The belief distribution is stationary given n: P = P(n) satisfies (20).

2. Aggregate consumption is consistent with the stationary belief distribution,

given n: ¢ satisfies (19).

3. The hiring rate and aggregate consumption are consistent with the firm condi-
tion: m and ¢ satisfy (15).

To visualise the steady states of the model, it is helpful to define a steady state
aggregate consumption function ¢**(n), which gives the aggregate consumption at
hiring rate n when P = P(n). The points along this curve therefore give the com-
binations of 7, ¢ that satisfy requirements 1 and 2 in the definition of steady state.

In the stationary distribution, if the hiring rate remains constant then the pro-

portion of households with pessimistic priors is equal to the proportion choosing cy,
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each period, and so aggregate consumption with beliefs in their stationary distribu-
tion is:

c*(n) = cLP(n) +cu(1 —=P(n)) (21)

Figure 5 plots this steady state aggregate consumption function (blue solid) and

the firm condition (black dashed). Steady states occur where the two curves meet.

1.12

11r

Figure 5: Steady state consumption function and firm condition. ¢ = 0.002, p = 0.9,
other parameters in Appendix A.

If beliefs did collapse to the truth, the steady state aggregate consumption func-
tion would coincide with the linear full information consumption function in Figure
2.17 In fact we retain the logistic shape of the aggregate response curve from the
static problem, so this model generates multiple steady states. As with the static
model, the nonlinearity in the consumption function comes from nonlinearities in
the signals chosen by households. The probability that a household receives a low
signal realisation does not vary strongly with 1 when it is close to 0 or 1, and so
the stationary belief distribution is unresponsive to 7 in those ranges, implying a
shallow aggregate consumption function. When 7 is close to 0.5, the probability a
household receives a low signal realisation varies more with 7, and so therefore does
the aggregate consumption function.

With the parameters used to draw Figure 5, there is a high employment trap
steady state with n = 0.89, a middle steady state with n = 0.49, and an unem-
ployment trap steady state with n = 0.18. Table 2 gives the transition probabilities

17The true distribution of the hiring rate in deterministic steady state is a single point. If house-
holds know this, with no further information processing they choose the optimum consumption for
that hiring rate.
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between the two prior beliefs at each of the steady states (abbreviating Pessimist

and Optimist as P and O respectively).

Table 2: Prior belief transition matrices

(a) Unemployment trap (b) Middle steady state (¢) Employment trap
P Op11 Pii1 O Pii Op11

P; [ 0.9995 | 0.0005 P, 1 0.9514 | 0.0486 P; | 0.0619 | 0.9381

O; | 0.8919 | 0.1081 O; | 0.0565 | 0.9435 O; | 0.0002 | 0.9998

In the middle steady state, both optimistic and pessimistic beliefs are very per-
sistent, so there is a great deal of belief heterogeneity in steady state. Each period
54% of households hold pessimistic prior beliefs and 46% hold optimistic beliefs,
and individual households occasionally switch from one type to the other. In the
unemployment trap, the hiring rate is so low that even households with optimistic
prior beliefs are very likely to receive a signal that n is low, and so to switch to
pessimistic beliefs. There is therefore much less heterogeneity in prior beliefs in the
unemployment trap steady state: 99.94% of households hold pessimistic beliefs each
period, though even here there is a small amount of churn in beliefs. Similarly, in

the high employment steady state 99.98% of households hold optimistic beliefs.

3.9 Stability under belief mutations

After finding multiple steady states in this model, a natural follow-up question is
how the system behaves when shocked away from those steady states. We analyse
the stability of each steady state to shocks to the distribution of prior beliefs in the
population, and find that the unemployment trap and high employment trap steady
states are locally stable, while the middle steady state is unstable.

In this model the steady states are defined by the distribution of households
among the two prior beliefs. In the spirit of Kandori et al. (1993) we define a
mutation as a perturbation of the proportions of households holding pessimistic
and optimistic priors, and we study the response of the endogenous model variables
to such a shock.'® Specifically, suppose that at the beginning of each period a
shock arrives that causes some pessimistic households to switch to holding optimistic

priors, and some optimists to switch to pessimistic priors, before the households

18Kandori et al. (1993) study a 2x2 game with multiple Nash equilibria. They consider a large
population of players meeting at random, and perturb the proportion of players choosing each
strategy. While our setting differs from this, we similarly consider a large population of players
(households) with two possible ‘types’ - prior beliefs instead of the strategies in Kandori et al.
(1993).
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choose their information strategy for the period. The mutation is therefore an
exogenous shock to Py, the proportion of households who hold pessimistic prior
beliefs before processing signals in period ¢.

One interpretation of these mutations that mirrors the intuition in Kandori et al.
(1993) is that each period a fraction of households leave the economy, to be replaced
by new households who have a different probability of being optimistic or pessimistic
than the households they replaced. Alternatively, we could think that at the end of
each period households start to doubt the signals that led them to their consumption
choice. When they come to form their priors at the start of the next period, some
decide they must have been wrong in the previous period and act as if they had
received the opposite signal realisation.

The transition probabilities in Table 1 show that, absent mutation shocks, the
proportion of pessimists in period t+1 is a function of the proportion in period ¢ and
the hiring rate. The equilibrium hiring rate, in turn, is a function of the distribution

of beliefs, so we can write the mapping from P, to P;,; as:

Py = ¢(Py,m:(Py)) (22)

If a mutation shocks P; away from a steady state, then the effect on the proportion

of pessimists in the next period is:'?

dP 1
dP,

dne(Py)
dP,

= ¢p(Py, 0 (P1)) + ¢y (Pr, mu(P1)) (23)

dPyy1
dP+

A steady state is locally unstable with respect to mutations if is greater than

1 in absolute value at that steady state.

We derive 25 in Appendix D.2. First, we show that |¢p(Py,7(P;))| < 1. That

P,
is, if the hiring rate does not respond to the mutation (if % = 0), then any belief
t

distribution is locally stable.

However, in general the hiring rate will respond to mutations. As the hiring rate
rises, the probability of households choosing ¢, falls, and so ¢, (P, m:(P;)) < 0. A
belief distribution will therefore be unstable if the equilibrium hiring rate responds
sufficiently strongly to the mutation. Intuitively, if an increase in the proportion
of pessimists causes a fall in the hiring rate, this increases the probability of all

households choosing ¢, so increases the probability of them holding pessimistic

For many values of P, there will be multiple hiring rates consistent with equilibrium. In this
case we select the equilibrium in which the hiring rate 7;(P;) is closest to its previous period value
ni—1(P¢—1), following the inertia assumption in Kandori et al. (1993). This ensures that the hiring
rate is differentiable, outside of a knife-edge case discussed in Appendix D.3.
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priors in the next period. If the hiring rate response is sufficiently strong there will
be even more pessimists in the following period and the initial belief distribution is
unstable.

We find that at the outer steady states (the unemployment trap and the em-
ployment trap), the hiring rate response to mutations is sufficiently weak that the
steady states are locally stable. In contrast, at the middle steady state the hiring
rate responds strongly to mutations. The middle steady state is therefore locally
unstable.?

This analysis concerns small mutations near the steady state. In Appendix
D.3 we consider large mutations, and show that a sufficiently large increase in the
proportion of pessimistic households can cause the model to switch from the em-
ployment trap steady state to the unemployment trap. Similarly, a large increase
in the proportion of households with optimistic priors can lift an economy out of
the unemployment trap, leading to a permanently higher hiring rate and aggregate

consumption.

4 HANK model

Here we study the HANK model in Ravn and Sterk (2020) (RS) with the addition
of rational inattention to the hiring rate and prior beliefs which do not match the
true equilibrium hiring rate distribution, to show that our results continue to hold in
richer models than that studied above. The RS model is particularly useful because
it remains tractable despite featuring the uninsurable labour market risk which is
necessary to generate a precautionary savings motive.

The tractability is achieved in RS by assuming that there are ‘asset-rich’ house-
holds who are risk neutral, own firms and do not participate in the labour market.
The remaining ‘asset-poor’ households supply labour to firms in a frictional labour
market, and cannot borrow. Bonds are in zero net supply, so all asset-poor house-
holds hold zero wealth in equilibrium. Employed households are on their Euler
equation and are all identical, and unemployed households are hand-to-mouth, con-
suming their home production. There are therefore only three types of households
in the model, not the full distribution seen in other models with uninsurable id-

iosyncratic risk (e.g. Kaplan et al., 2018). Employed asset-poor households are the

20In Appendix D.2 we show that the middle steady state is always unstable as long as an
increase in the proportion of pessimists lowers the hiring rate (%Pl?) < 0), which is true of most
calibrations, including the one used to draw the figures in this section. It is however possible
to construct calibrations in which %Plj‘) > 0 at the middle steady state. The conditions for
instability, though similar, are not exactly the same in this case. We detail them in Appendix D.2.
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critical households as they remain on their Euler equation, so they price the bond
in equilibrium.

We take this model as our starting point, but make a number of changes to adapt
it for our analysis. First, we remove the constraint that vacancy posting cannot be
negative. In RS, this constraint places a kink in the Phillips Curve at a hiring rate
of zero, which gives rise to an unemployment trap steady state with zero hiring.
Without this, the model has a unique steady state under full information.?! We
show that rational inattention generates multiple steady states with positive hiring
in this environment.

In addition, we only impose the borrowing constraint on unemployed households,
and we assume that real wages are fixed rather than determined by Nash bargaining.
With full information, allowing employed households to borrow makes no difference,
because if one household wants to borrow at a given interest rate they all do, so there
is no-one to lend to them and the asset market does not clear. Employed households
still therefore hold zero assets in equilibrium. The assumption will, however, matter
under rational inattention, because households will have heterogeneous expectations.
Some employed households will accumulate wealth by lending to others. Assuming
fixed real wages ensures that the resulting wealth heterogeneity does not imply wage
heterogeneity through heterogeneity in the value of unemployment, and so keeps the

analysis tractable.

4.1 Households

All households h choose consumption to maximise expected discounted utility:

oo 1—
Ul = E, Z 58<Chfu_—_u1 - Cnhs> (24)
s=t

Here ny is an indicator equal to 1 if the household is employed in period s and 0 if
they are unemployed, and ( is the constant disutility of labour.
Households maximise this subject to a budget constraint and, if they are unem-

ployed, a borrowing constraint:

bhs
Pschs + }}%—H = Ps<wnhs + 19(1 - nhs)) + bhs (25)
bhs—i—l Z 0 if Nps = 0 (26)

2INote that vacancy posting will never be negative in steady states we find. Removing the
explicit constraint simply removes the kink in the Phillips Curve which allows for a zero hiring
steady state.
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P, and R, are the price level and the gross nominal interest rate. Employed house-
holds can borrow or save by trading one-period bonds bys1. Employed households
receive the exogenous real wage w, while unemployed households receive the value
of home production ¢. In the calibration we study, the no-borrowing constraint is
binding for all unemployed households.

Each period s an exogenous proportion w of employed households lose their job,
and an endogenous proportion 7, of unemployed households find a job.

We begin by analysing the problem when households have full information about
the future path of all variables. Denoting the choices of employed and unemployed
households as ces, besr1 and ¢y, bysi1, the Bellman equations for employed and un-

employed households respectively are:

clor—1
Ve(bs, 778+1> = max ———— — (+ fw(l = 9ep1) V" (bess1, 778+2)
Cesl’es-{—l 1 — ,LL
bes
+ ﬁ(l - w(l - 775+1))V6(bes+1, 778+2) SU-bjeCt to Psces + T—H = Psw + bs (27)
i s+1 Czltgu —1 u 5+2 e 5+2
Vv (bsan ) :Hclaxﬁ—i_ﬂ(l_nﬁl)v (0577 )+/B/’78+1V (0777 )

subject to Pscys = Py + by (28)

Here 7° denotes the sequence {n;}32,. V¢(bs,n*"1) and V¥(bs, n°!) are the values
of being employed and unemployed in period s with initial wealth b;.

The consumption Euler equation for an employed household, substituting infla-
tion Iy, = Psyq/Ps, is as in RS:

R,

s+1

el = B (W = mes)e by + (U= w1 = nen))efy) (29)
Employed households choose consumption in period s such that the marginal utility
of consumption equals the expected marginal utility of future consumption over
the two possible future labour market states, adjusted for discounting and the real
interest rate. Unemployed households are always at their borrowing constraint, and
so their problem never matters for equilibrium determination.

Interest rates are set using a simple interest rate rule:??

R, = RII~II%" (30)

22This is as in RS, abstracting from the zero lower bound on interest rates and setting the
coefficient on the hiring rate in the interest rate rule to 0, as RS do in drawing their Figure 2.
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To get the steady state Euler equation (EE) note that since equilibrium asset
holdings are always zero c.s = w and ¢,; = ¢). Using this and the interest rate rule

(30) in equation (29) in steady state gives:

1 = BRI [w(1 —) (g) P —w -y (31)

Where R* = RII %~.

4.2 Firms

Firms in our model are identical to those in RS, except they do not face a non-
negativity constraint on vacancies. Firms set prices and choose how many vacancies
to post each period to maximise profits. There are quadratic price adjustment costs
as in Rotemberg (1982), firms are monopolistic and households have CES preferences
over the firms’ output. The price setting and vacancy posting decisions lead to a

Phillips Curve, which in steady state becomes (derivation in Appendix E.1):
O(1 = B = DI =1 — 7 +y(w + ks (1 = 5(1 —w))) (32)

Here ¢ measures the extent of price adjustment costs, 7 is the elasticity of substi-
tution between goods in the consumer’s problem, k is the cost of posting a vacancy,
w is the (fixed) job separation rate, 1 is the hiring rate and ¢ is the vacancy filling
rate, equal to n%, where « is the elasticity of the Cobb-Douglas labour matching
function with respect to job searchers.

Equation 32 is identical to equation (PC) in RS, except that assuming constant
wages means that real wage w is not a function of 1, and Ay is dropped. Ay is the
Lagrange multiplier on the constraint that vacancies must be weakly positive, so
is always zero in our version of the model. Steady-state vacancies will always be

positive in our model.

4.3 Rational inattention

As in Section 3.2, we amend the household problem so that processing information
about the next period hiring rate has marginal cost .23 Again, we start with
uniform prior beliefs g(n) ~ U(0,1) for all households, then allow households to

update their prior beliefs using a weighted average of a uniform distribution and

ZFor simplicity we assume that they cannot process information about hiring rates further into
the future.
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the previous period’s posterior, as in Section 3.8. The equations of the household
problem therefore mirror the setup explained in Section 3.2.

Formally, the information problem of an employed household is:

f=arg m?x E[Ve(bs,ns—l—ly bes+1, 9(Ms+1))] — ¥k

—argmax/ / V bsans+17bes+1, (Us+1))f(ﬁs+1, es+1)dns+1dbes+1 (o
MNs+1 cs+1

(33)
subject to
/bes+1 F 01, best1)dbeass = g(nsin) Vs 1 (34)
Fsi1,besi1) =0 Vi, besia (35)
k= Hlg1)] = Epepp H[f (1 |bess1)] (36)

Where:

(Ces(bsa bes-i—l))l_'u —1
I—p
+ pw(1 — ns+1)E9(ns+l)‘7u(bes+17 Ns+25 9(Ms41))
+ B(l — CU(]. - 77$+1))Eg(n3+1)‘76(be5+17 MNs4-2;5 bes+27 9(773+1)) (37)

ve(bsa Ns+15 Dest1, g(ns+1)) = —¢

(Cus(bs)™# —1

1—p +B(1 - n8+1)Eg(ﬂs+1)‘~/u(Ov Ns+2, 9(Ms+1))

V™(bs, Ns1, 9(Ms41)) =

+ Bss1 g )V (0, Msr2, besr2, 9(Ns11))  (38)

And: ; . b
o Ys es+1 _ s
Ces(bsu bes+1) =w+ Ps P3R37 Cus(bs) 79 + Ps (39>

Aside from substituting out for consumption using the budget constraints, the value

functions differ from those of the full information problem (27 - 28) in two important
ways. First, as households do not know the future path of the hiring rate, they are
uncertain about the value functions they will face in the next period.?* In forming

these expected continuation values we assume that they use their period-s prior

24We also assume that households don’t observe future inflation or interest rates, but rather
believe they will remain constant at current levels. For the steady state results presented here this
is equivalent to assuming they know the future path of those variables as in the full information
case, but it substantially simplifies the analysis of mutation shocks presented in Appendix E.4.
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25 The value functions under RI

belief about the distribution of the hiring rate.
therefore depend on the prior belief g(7s+1). In keeping with the assumption of
anticipated utility, the households believe that their prior in future periods will be
equal to their current prior.

Second, the full information value functions assume that b.s; is chosen optimally
given n*t!. However, as in Section 3.2, computing the expected utility of different
information sets requires the payoffs from each possible combination of state of the
world (ns11) and action (besv1). The value functions for the employed household’s
problem with RI are therefore defined over general choices of b.s11. For the future
expected value of being employed, households assume that they will choose b.s2 by
solving the equivalent RI problem in the next period, with the same prior as they
currently hold but new initial wealth. Taking the expectation of this value function
using the prior g(ns41) also therefore implies taking expectations over the possible
bes12 choices the household might make, as well as over 7,,5.

Relaxing the no-borrowing constraint on the employed means that heterogeneity
in the signals households receive implies a non-degenerate wealth distribution among
the employed in steady state.?® Some newly unemployed households will therefore
have positive savings, but with our calibration they all hit their borrowing constraint
when they become unemployed for all inflation rates and hiring rates consistent with
steady state and equilibrium. Unemployed households therefore set b,s11 = 0 in all
states of the world, so this is left out of the definition of their value function. This
implies that unemployed households derive no benefit from information about 7,1,
as it does not affect their choices, and so they choose to process no information. As
in the full information model, their Euler equation is unimportant for determining
the steady state.

Wealth heterogeneity complicates the solution of the model, as mistakes in saving
decisions due to noisy signals are somewhat less costly for wealthier households,
which implies they want to pay less for information than poorer households. Both
this and the dependence of value functions on prior beliefs mean that households
do not return exactly to the same set of prior beliefs each period, as they did in the

27
L,

simple model. Numerically, however, we find that these effects are small,”" so all

25This can be thought of as a timing assumption: households compute the value functions, then
use them to solve the rational inattention problem. The solution, as in Section 3.2, comprises
an information strategy (what signal to choose) and an action strategy (how to react to each
possible signal realisation). The timing assumption is that the household cannot re-evaluate their
information or action strategies within the period as a result of the observed signal realisation.

26We assume that households do not infer anything about the true hiring rate from the interest
rate. This is consistent with the ignorance prior: households do not know the mapping from other
variables to the hiring rate.

2TThis is a feature of this model. In other settings wealth has been found to have substantial
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households choose signals with two discrete realisations, and a high signal realisation
induces a similar posterior belief in all households. To make progress, we therefore
abstract away from these effects, so as in Section 3.8 households switch between the
same two prior beliefs each period. For details of this approximation, and the rest
of the solution method, see Appendix E.2.

The steady states of the model are plotted below, for a monthly calibration based
on that in Ravn and Sterk (2020) Appendix A1.2 (see our Appendix E.3). As in the
static model of Section 3, we consider an information cost 1) such that households
optimally limit themselves to a menu with two choices of saving b.s11. The steady
state Phillips Curve and Euler Equation (with either full information or rational
inattention) pin down the steady state as they both contain just two endogenous

variables: inflation and the hiring rate.
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Figure 6: Steady state relations under perfect information and rational inattention
(¢» = 0.025). Calibration in Appendix E.3.

The black (dashed) and red (solid) lines are the Phillips Curve and full infor-
mation Euler Equation. They match Figure 2 panel 1 in RS, except we have not
plotted separate relationships for regions where the zero lower bound on nominal
interest rates and the non-negativity constraint on vacancies bind, as we abstract
from those constraints. The blue solid line is the steady state Euler Equation with
rational inattention. As with the steady state consumption function in Section 3.8,
all points along the steady state Euler equation are such that the belief distribution
is stationary given aggregate variables (in this case Il as well as 7). In addition,

the wealth distribution is also stationary given II and 7, and the net asset position

effects on information choices (see e.g. Lei, 2019; Macaulay, 2021).
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is zero so the asset market clears. This does not mean that wealth or beliefs are
static: each household receives signals with idiosyncratic noise, which implies churn
in both wealth and beliefs underneath their stable distributions.

The Euler Equation is upward sloping because a higher steady state hiring rate

8 To keep the bond market in

n decreases the desire for precautionary saving.?
equilibrium employed households must therefore be encouraged to save more. A
higher rate of inflation leads to a higher interest rate, so a higher 7 is associated
with more inflation in steady state. The upward slope of the Phillips Curve is a
consequence of quadratic price adjustment costs (Ascari and Rossi, 2012).

Under perfect information the interaction of these curves leads to a unique steady
state, with 7 = 0.45 and II = 1.001. With rational inattention there are three steady
states, a high employment steady state with n = 0.84, IT = 1.007, a middle steady
state with n = 0.52, II = 1.002, and a low employment steady state with n = 0.22,
IT=0.997.

These steady states share many properties with the simple model in Section 3.
The outer two steady states are locally stable with respect to belief mutations while
the middle steady state is unstable. Large mutations to beliefs can however shift
the economy between the steady states.

Just as in the simple model, underneath each steady state there is heterogeneity
and churn in prior beliefs. Households are divided into optimists and pessimists
based on the previous realisation of their signal about the hiring rate, and each
period some households transition between the two priors.?? This heterogeneity and
idiosyncratic variation in beliefs is consistent with the survey evidence presented in

the next section.

5 Survey expectations

In the Survey of Consumer Expectations (SCE), employed households are asked the

following question:

Suppose you were to lose your main job this month. What do you think
is the percent chance that within the following 3 months, you will find

a job that you will accept, considering the pay and type of work?

This is precisely the expected hiring rate studied in our model and the model of

Ravn and Sterk (2020). In this section we show that the survey responses display

28This is because fixed wages imply labour income risk is countercyclical. If labour income risk
was procyclical, the Euler equation would slope downwards.
298ee Appendix E.4 for details of the prior belief transitions and the effects of belief mutations.
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several features which are present in our model. We use the SCE microdata from
June 2013 - March 2018.

Figure 7 shows the histogram of responses as deviations from the mean response
that month.
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Figure 7: Histogram of hiring rate expectations from the Survey of Consumer Ex-
pectations, deviations from the average for the month of the interview.

There is a great deal of dispersion. The mean within-month standard deviation
of responses is 32%. However, this disagreement could all be due to household
heterogeneity, not differences in information. High and low education households, for
example, could agree exactly about aggregate labour market conditions, but expect
different hiring rates because they are making predictions for different segments of
that labour market. To account for as much of this as possible, we run the following
regression:

Eitnit i3 = ap + o1 Xy + €3¢ (40)

The dependent variable is household ¢’s expectation of their own hiring rate for the
months from ¢ to ¢ + 3, and X;; contains a wide range of personal characteristics.?”
The R? for this regression is just 0.084. Adding time fixed effects to pick up any

variation due to time-varying aggregate factors only increases this a small amount,

39The controls are age, age?, income, income?, financial distress, education, gender, race, job
tenure, state, home ownership, marital status, and number of times the household has been in the
survey. Financial distress is measured as the percentage chance that the household will struggle
to pay their bills in the next three months. All controls except age, age?, income, income?, and
financial distress are categorical or dummy variables. Income is coded as the mid-point of each
bin, with the $200,000+ bin coded as $250,000.
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to 0.095. The vast majority of heterogeneity in labour market expectations does not
come from the dimensions of household heterogeneity recorded in the SCE. There
are of course other dimensions of household heterogeneity which are not collected
in the survey, which could explain more of the heterogeneity, but it is unlikely that
this would account for all of the currently unexplained heterogeneity.

Beliefs could, however, be heterogeneous and still co-ordinate on a high (or low)
unemployment steady state. If all households agree in some period that the future
hiring rate has fallen by 5% relative to their expectations in the previous period, that
would give the same self-fulfilling expectations mechanism described in Ravn and
Sterk (2020) and Heathcote and Perri (2018), even if the cross-sectional distribution
of beliefs features lots of heterogeneity each period. To explore this, we use the panel
nature of the SCE to study changes in the unexplained part of expectations, Ae;,.
If there is strong co-ordination in beliefs, then changes in household-level expecta-
tions should be largely explained by changes in average expectations. We therefore
decompose individual belief updates into the average belief update that period and

an idiosyncratic term, which are orthogonal to each other by construction:
Afit = Aé:t + Uit (41)

If households agree on movements in the hiring rate but have different (constant)
degrees of optimism or pessimism, the first differencing in this model would remove
the individual-specific constants, and the variance of average belief updates (Aé&;)
would account for most of the variance of individual belief updates (Ae;;). That is,
the fraction o}, /(0is + 02,,) would be very close to one. In fact, when we carry
out this variance decomposition we find that less than 0.3% of the variation in revi-
sions to household expectations is explained by movements in average expectations.
There is therefore a great deal of idiosyncratic variation in updates to hiring rate
expectations, and only weak co-ordination of beliefs. This is a natural feature of
our model, because households form their expectations by observing signals with
idiosyncratic noise.

Our model also produces a large amount of persistence in household beliefs
through the updating of prior beliefs. This can be seen most clearly in Table 2
above: even in the middle steady state, which features very dispersed expectations,
individual households are extremely unlikely to revise their beliefs from one period

to the next.?! To investigate this persistence in the data, we run the following

31This remains true in the HANK model. The equivalent belief transition matrices are in Table
5 in Appendix E.4.
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regression:

Eit = V1€it—1 + Wi + eq (42)

Here W, are month fixed effects, which pick up any variation in expectations due to
aggregate factors, including average beliefs. The results are displayed in Table 3.

The coeflicient 7 is large and significant. This implies that hiring rate expectations

Table 3: Regression of the unexplained part of hiring rate expectations on lag of
itself and month fixed effects.

(1)

Hiring Rate Residual

L.Hiring Rate Residual 0.720%*
(0.00429)

Observations 31604

R? 0.522

Robust standard errors in parentheses
* p<0.05, " p<0.01, ** p <0.001

are indeed persistent at the household level, as predicted by our model.

A final observation from this data is that the variance of expectations is an
order of magnitude larger than the variance of the actual (aggregate) quarterly
hiring rate, calculated using labour flows in the CPS. Estimating an AR(1) model
on the hiring rate, we estimate a long run standard deviation of 8%.3? In contrast,
the standard deviation of the unexplained part of hiring rate expectations e is 31%.
If households knew the true distribution of the hiring rate and received noisy signals
(as in a standard rational inattention model a la Sims (2003)), we would expect the
variance of beliefs to be lower than the variance of the data.®® The data therefore
suggests that households do not know the true equilibrium distribution of the hiring
rate, and instead hold prior beliefs which are significantly more dispersed than that
true distribution.®® This supports our assumption that households hold ‘ignorance

priors’ about the future hiring rate.

32This is calculated using labour flows data from 1990-2018. The hiring rate is found to be
stationary at the 1% level.

33This follows from the Law of Total Variance. If household i collects a signal s; about the hiring
rate 7, they form a posterior expectation FE(n|s;). The variance of these conditional expectations
is given by V(E(n|s;)) = V(n) —E(V(n|s;)). If prior beliefs are correct, the unconditional variance
V(n) is the true variance of the hiring rate, and so the variance of expectations must be weakly
less than this true variance.

34This statement relies on our conditioning variables picking up the majority of expectation
variation due to heterogeneity in the actual hiring rates experienced by households. Since the
variance of expectations is an order of magnitude larger than that of the observed average hiring
rate, we are confident that household beliefs are more dispersed than the true distribution of the
labour market variables they are trying to estimate.
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6 Conclusion

We have proposed a model of a self-fulfilling expectation-driven unemployment trap
which is generated by rational inattention. The model features households who face
costs of processing information about the future hiring rate, and who do not know
the true equilibrium distribution of that rate. The households optimally choose
to process noisy signals which imply a highly nonlinear response of aggregate con-
sumption to changes in labour market conditions, which leads to the possibility of
multiple steady states. In a HANK model based on Ravn and Sterk (2020) there is
a unique steady state if households have full information, but rational inattention
generates three steady states: an unemployment trap with a low (but positive) job
hiring rate and mild deflation, a middle steady state with higher employment and
moderate inflation, and an ‘employment trap’ with very high employment and high
inflation. Expectations in the model are consistent with key properties of survey ex-
pectations: labour market beliefs are heterogeneous, persistent, and display greater
variance than that implied by accurate prior beliefs.

There are numerous directions in which this model framework could be extended.
One interesting prospect is how the results change if households pay attention to
noisy public signals. In the model as it is, the ignorance prior means that households
have no reason to process the information in such public signals beyond what that
conveys about the hiring rate. If this information is as costly to process as the private
signals we study then households will choose to ignore the public signals. If, however,
households have an incentive to learn about the public signal directly (as in Chen
et al., 2015) then public signals would play a role, and the way households allocate
attention to private and public information could have interesting consequences for

the behaviour of the equilibria.
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A Solving the rational inattention problem

This appendix describes how we solve the rational inattention problem in equations
(8)-(11). We begin by discretising the support of 1 into N equally-spaced points
(N = 30 for the graphs in Section 3). We then similarly discretise the range of
consumption choices into N equally spaced points. The edges of this grid are taken
as the minimum and maximum values of ¢! for € [0, 1], so the range is the same
as that of the optimal consumption that would be chosen if the household had full
information about 7.

We then define a N x N matrix f(n,c,,), which is the joint distribution of the
hiring rate and consumption choices. We can evaluate the expected utility and
information costs of any such joint distribution using the formulae in equations (8)
and (12). We then use a standard numerical optimisation routine® to find the matrix
f(n, ¢) that maximises the expected utility minus the information costs, subject
to the constraints that the marginal distribution of 7 implied by f(n, ¢;,) equals the
(discretised) prior ¢g(n) (9) and that each element of f(n,¢,,) is non-negative (10).

The graphs in Section 3 are drawn using 5 = 0.975, R = %, w =04, w=1.3,
0 =04, H(c,,) = —7.67+ 7.75¢,,.

The basic method is the same for the household problem in Section 4, except
that the choice variable is saving by,1, and we do not have an analytic form for
the value function. In that case, we incorporate the RI solution into a value func-
tion iteration. We guess expected future values of entering a period with a given
initial wealth in either labour market state, then use these to form the value func-

tions Ve(bs,nsﬂ,besﬂ,g(nsﬂ)) and f/“(bs,nsﬂ,g(nsﬂ)) defined in equations (37)

35fmincon in Matlab.
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and (38). We then solve the RI problem, and use the output to update the guesses
for the expected values.

As this involves solving the RI problem many times, we speed up the solution
by noting that the conditional choice probabilities of any b.s,1 chosen with positive
probability are (Matéjka, 2016):

* Ve (bsns ’bZS P s
f(b@5+1) exp ( (bs s 41 < +1,9(n +1)))

> ponis f(Desi) exp (Vc(bs’nsﬂ’b$+1’g(ns+l)))

F(O%siamst1: 05, 9(Ns1)) = (43)

If we know the levels of b.s,1 chosen with positive probability and their marginal
probabilities f(besy+1), we can calculate these conditional probabilities, and use them
and the prior g(ns41) to find the joint distribution f(7s41, bes+1). Rather than solving
for each point of the N x N discretised joint distribution as we do for the simple
model, we only need to find the two levels of b.s,; that maximise the expected value.
We then confirm that the same exercise with three levels implies a lower expected
value. This is equivalent to the simpler method employed in Section 3, but gives

faster computations.

B Aggregate consumption function in the static

model with alternative 1

The graph below is the same as Figure 2, with an extra curve added in black.
This is the aggregate consumption function with a lower (but still positive) cost of
information 1) = 0.00064. This implies x ~ 1.
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Figure 8: Aggregate consumption function with x = 0 (green), k = 0.5 (blue), k = 1
(black) and in the unconstrained case (red). Other parameters in Appendix A.

The shape of the aggregate response curve in the less constrained (¢ = 0.00064)
case has the same form as the baseline case of ¢y = 0.002, but with this greater
information processing capacity agents choose from four levels of consumption, so

there are four flatter regions in the aggregate response curve.

C Static model: firms

Here we microfound the linear equilibrium relationship between aggregate consump-
tion and the hiring rate in Section 3.1.

In the morning, all households are employed at wage 1 and the firm sells ¢ units
of the consumption good. Assume that any unsold output in the morning is wasted,
and that the firm receives some subsidy for operating S. Firm profits are therefore
equal toc — 14 9.

New hires in the afternoon (h) are determined by the number of vacancies posted

(v) and the number of job seekers (u) through the matching function:
h = mv'™*u® (44)

Now note that the number of job seekers at the start of the afternoon is equal to
the number of separations at the end of the morning, w, since all households were
employed in the morning. In order to hire, firms must post vacancies. The cost

per vacancy is k. Using the matching function, we have that the cost of hiring one
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worker ig:36

C(n) = kmﬁwnﬁ (45)
Assume that these costs must be paid out of morning profits, before firms do any

afternoon production or sales. The profit per hire is:
D(n) = F —w—C(n) (46)

Where F' is the value of production from that worker, equal to afternoon aggregate
consumption per worker plus the value of inventory at the end of the afternoon.
Assume that this is sufficiently high that D(n) > 0 for all n € (0,1). That is, in the
afternoon, workers are very productive, and any output not sold is held as inventory,
which has a high value to the firm. The firm would therefore always like to hire as
many workers as possible, given the working capital constraint that they must use
morning profits to pay for vacancies.

This creates an upward sloping relationship between ¢ and 7: when morning
consumption is higher, the firm sells more and makes more profit. That means the
firm can post more vacancies in the afternoon, and so the hiring rate increases.

Specifically, the hiring rate is pinned down by:
-1 1
c—1+85=kmiowni—ea (47)

In the graphs in Section 3.1 we further assume that o = 0, so the matching function
only depends on the number of vacancies posted, which implies a linear relationship

between ¢ and n:

c=1-S+—nq (48)
m

This is the linear relationship used in Section 3.1. The parameters used there, in
addition to those given in Appendix E.3, are m = 0.25, k£ = 0.062w, S = 0.01.

D Dynamic model proofs

D.1 Proof that f(772|6j72) = f(ﬁl\Cj,l)

Decomposing the joint distribution f(c,n) into f(c)f(n|c), substituting constraint

(11) into the objective function, and dropping terms independent of policy, we can

36We are assuming that firms are large, so the proportion of vacancies filled equals the proba-
bility of filling a vacancy.
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write the household problem as:

max //‘cnf Fonle Mw+¢//f O)log f(nl)dnde  (49)

f(e),f(nle)
subject to
/f(nIC)dn =1 Ve (50)
[#@ildde= gt v (51)
fley =0  n,c (52)
floo=0 Ve (53)

The only place in which the prior belief enters the problem is constraint (51). We
know that if g(n) = 1 then the solution has f(c) > 0 for two levels of consumption
only, which we label ¢;, and cg. This proof will proceed to show that the same two
levels of consumption, and the same associated posterior beliefs, are also a solution
to the household problem when g(n) = pf(n|c;) + (1 — p), with ¢; € {cp,cu}.

By definition, we can write:

fluley) = [ 8(c = ) tale)de (54)

C

Where §(-) is the Dirac delta function.
Supposing that the period 2 posteriors are indeed the same as those from period
1, we can further write that f(n|c) = f(n|c). Substituting (54) into (51), using

F(nle) = f(nle), and rearranging we obtain:

[ (2972 e = (55)

That is, the constraint is the same as in the case with a uniform prior, with a

transformation of the marginal densities to f*(c), where:

f@%)—'ﬂ

[i(e) = T,

(56)
Since the houschold objective function is multiplicative in f(c), we can therefore
write the problem with updated priors exactly as in the uniform case, but with
f*(¢) replacing f (c). Since ¢y, and cy are the optimal menu in the uniform case,

they also solve the household problem with the updated prior. The posteriors will
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also be the same. This verifies our guess that:

f(7]2|0j,2) = f(771|0j,1) (57)

To solve for the marginal probabilities with the updated prior, we use the fact
that the marginal probabilities of ¢, and cy in the uniform case are equal to 0.5.

Substituting this into the definition of f*(¢;) and rearranging gives:

A~

fle)) =05(1+p), fley) =0.5(1—p) (58)

D.2 Steady state local stability

The proportion of households who hold pessimistic priors evolves according to:

P = o(Py,m(Py)) = Pof(crelme, coi—1) + (1 —Py) flcrelme, ca—1) (59)

Therefore:

dP¢q dny OP4

dP, = f(erilm cri—1) — flerelme, cae—) + d_]-:)t oy

(60)

First, suppose that there is no response of the hiring rate to mutations (set j—fﬁt =0).

Then, dgfi,tl = op(Py,m(Py)) = flewt|m, coi—1) — f(coine cai—1). The probability
of a household choosing ¢y, in period t is always higher if they also chose it in period

t — 1 (see Section 3.8). Therefore ¢p (P, m:(P:)) € (0,1), so any belief distribution
is locally stable.

If we allow the hiring rate to vary, however, it is possible for a steady state to

be unstable. From here we simplify notation by denoting fjx = f(c;j+|n:, cki—1), and

1 Ofik
gk T om
First, note that:
oP
atﬂ =P.f + (1 =Py)f} (61)
Mt

The hiring rate always satisfies the firm condition 17, = H(¢), and aggregate

consumption satisfies (19), which simplifies to:

¢t =cyg + (CL - CH)Pt+1 (62)
We therefore have:
d’r]t ’— dét J— dPt+1
—=H —=H —
dP, () dP, (e)(eL = en) dP, (63)
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Substituting this and (61) in to (60) and rearranging gives:

dP;q _ fu—fn
dP, 1—H'(¢)(cr —en)(Pofy + (1 —Po) fiy,)

(64)
Assuming that H'(¢;)(cz, — cg)(Puf, + (1 —Py) f1,) < 1,37 we have instability if:

H'(¢)(cr — cu)(Pefyy + (L =Py) fl,) > 1= fu+ fin (65)

-1

The slope of the firm condition in Figure 5 is (H'(¢;))~". The slope of the steady

state aggregate consumption function is:

de**(n) d _ _\dP(n)
e d_n(CH + (e —cu)P(n)) = (cL — cn) a (66)
Where:
P (a7 =) o
dn dn\1— fu+ fu 1— fu+ fin

Evaluating condition 65 at steady state (so P, = P(1;)) gives that a steady state is
unstable if the steady state aggregate consumption function is steeper than the firm
condition: 0e** () / 1
T (H'(c)) (68)
This means that the unemployment trap and employment trap steady states are
locally stable, because the steady state aggregate consumption function is shallower
than the firm condition (see Figure 5). The middle steady state, however, is unstable,
because the steady state aggregate consumption function is steeper than the firm
condition.3®
To see the intuition for this, consider a mutation that reduces aggregate con-

sumption by a given amount. The slope of the steady state aggregate consumption

37This is the necessary condition for % < 0. It can be shown that this always holds at the outer

steady states, and indeed it is also true at the middle steady state for most calibrations (including
the one used to draw the figures in Section 3). Following the same steps as this proof, it can be
shown that if 3121 > 0, a steady state is unstable if dc(;iém)(l —fu+fin) < (H'()) X1+ fu— fin)-

Since 5{,’1 > 0 implies %7(7"‘)(1 — fu+ fin) > (H'(¢;))~1, this type of steady state is unstable when
fu — fin is large, which occurs when 7 is close to 0.5, as is the case for the middle steady state in
a wide range of calibrations.

38Note that this does not necessarily mean that the middle steady state is unstable with re-
spect to all shocks. We study these kinds of mutation shocks because they leave the household
information and choice problems, the set of prior beliefs, and the firm side of the model identical,
which makes them tractable. This will not generally be true of other shocks. Movements in the
firm equilibrium condition, or other aspects of the household problem than simply the priors, will
cause shifts in either or both of the two curves defining equilibrium, and it is not clear whether
the middle steady state would remain unstable with respect to those kinds of disturbances.
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function gives how far the hiring rate would have to fall to sustain this new lower ¢
with beliefs at their stationary distribution: if ¢**(n) is steeper, 1 needs to fall by less
for any given ¢ fall. The firm condition then gives how far the hiring rate actually
falls in equilibrium. If it is shallower than ¢**(n), the hiring rate falls by more than
would be necessary to sustain the mutated beliefs as a stationary distribution. This
means that the proportion of pessimists will be even higher in period ¢ + 1 than
in period t, and the original steady state will be unstable. In contrast, if the firm
condition is shallower than ¢**(n), then 7, falls by less than would be required to
sustain ¢; as a steady state. The hiring rate is therefore insufficiently responsive to

the mutation to create instability.

D.3 Large mutations

Suppose we begin at a steady state with a hiring rate of n,,. If a mutation decreases
the proportion of pessimists to P; < P(7ss), we show that in the absence of other
shocks:

P, <P, ifes(n,) > H *(n) (69)

That is, the proportion of pessimists falls even further in the following period if
the steady state aggregate consumption function is above the firm condition at the
equilibrium hiring rate in the period of the mutation. If this is true, then the steady
state is unstable with respect to this large mutation: this is simply an analogue of
the result in Appendix D.2 for large shocks. Similarly, if a mutation increases Py,
P > Prif e5(n) < H ().

First, notice that the mapping in equation (59) implies:

Pt+1 = Ptf(CL,t|77ta CL,t—l) + (1 - Pt)f(CL,t|77t7 CH,t—l) = P(Ut) (70)

That is, absent further mutations in period t + 1, the proportion of pessimists in
period t 41 is equal to the proportion in the stationary belief distribution at 7;, the
equilibrium hiring rate implied by the mutated proportion of pessimists P;.

We next rearrange (19) to express P; as a function of ¢, cr, ¢y, and conditional
choice probabilities. Similarly, rearrange (21) to express P(n;) in terms of ¢**(n;),

cr, and cy. Using these expressions, we can write the statement P;,; < P; as:

¢ —ceu(1— flepelme, coi—1)) — enf(cpelm, cri—1)

< & (ne) (f(CL,t N Cri—1) — fere|ne CH,t—l)) (71)
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Using the definitions of ¢**(n;) (21) and P(n;) (20) this simplifies to:
Et < ESSO’]t) (72)

Similarly, we have that:
Pt+1 > Pt lf ét > Ess(nt) (73)

In all of these equations, the firm condition implies that ¢, = H~*(n,).

If a mutation that reduces the proportion of pessimists arrives when the economy
is at the unemployment trap steady state in Figure 5, then condition (72) fails so long
as the aggregate consumption function is below the firm condition at the resulting
hiring rate. If the mutation is sufficiently large that 7, is greater than the hiring rate
associated with the middle steady state, then (72) will be satisfied and the proportion
of pessimists will continue to fall with no further shocks, eventually leading to the
employment trap steady state. Denoting the hiring rate at the middle steady state
as Nm, the economy will move from the unemployment trap to the employment
trap for any shock that implies 7, > n,,. Similarly, a pessimistic mutation at the
employment trap will cause a shift to the unemployment trap if the mutation is
large enough to push 7, < n,,.

Our assumption of inertia plays a significant role in determining the size of
mutation required to achieve this. Although escaping the unemployment trap only
requires the hiring rate to rise an arbitrarily small amount above 7,,, this does not
mean that P, < P(n,,) is always sufficient to cause the transition, and similarly
a mutation to a belief distribution with more pessimists than seen at the middle
steady state will not necessarily cause a transition from the employment trap to the
unemployment trap.

To see why, consider a large mutation arriving when the economy is at the
employment trap steady state, such that the proportion of pessimists increases to
exactly P(n,,). Since this is the belief distribution associated with the middle steady
state, 1, = n,, is one possible equilibrium in period . With the calibration used to
draw Figure 5, this is at 7, = 0.49. However, that is not the only hiring rate at which
aggregate consumption is consistent with the firm condition. There are two other
possible equilibria, with n; = 0.69 and 7, = 0.87. The inertia assumption means we
select n, = 0.87, as this is closest to the employment trap steady state hiring rate of
the previous period. Most households therefore receive a signal that n is high, and
so in the next period the proportion of pessimists is much lower than in period ¢.
Condition (73) is not satisfied, and the economy returns to the employment trap.

To transition to the unemployment trap the mutation must therefore be sufficiently
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large that there is no such high employment equilibrium in period ¢, which for these
parameters occurs when P, rises to 0.88.39

The belief distribution at which a given equilibrium ceases to exist is a function of
the parameters of the model. It is therefore possible in principle to choose parameters
such that the middle steady state is precisely at the boundary, so for any mutation
in a given direction the associated equilibrium ceases to exist. In this case the hiring
rate is not continuous in the proportion of pessimists and the results of Appendix
D.2 are not applicable. The results presented here on large mutations apply in these

knife-edge cases.

E HANK model details

E.1 Firm problem

Firm j in period s chooses price P;; and vacancy posting v;, to maximise real profits.

The firm’s costs are wages, vacancy posting costs, and quadratic price adjustment

costs:
> ]Djs ¢ Pjs - pj,sfl 2
Igﬁ%ﬁ Et ; A],t,t—i—s |:?Sy]s — WsNjs — kv]s - § (T) (74)
subject to
P\
Yjs = <PJS ) Ys (75)
yjs = etny, (76)
njs = (1 — w)njs—1 + vjs¢s (77)

Here y;5 is firm j output and ys = [y;sdj is total output. Firm j employs nj,
units of labour. Each period it loses a fraction w of its workforce through exogenous
separations. The vacancy filling rate is g5, so vj5qs is the number of new hires by
firm j in period s.

Solving this profit maximisation we have:

1+ ymey = ¢(IL, — DI, — $E A, ooy |25 (4 — 1)1‘[5+1] (78)

s

39With different parameters it can be the case that P, > P(n,,) is sufficient to leave the
employment trap. Indeed with the calibration used for Figure 5, Py < P(n,,) is sufficient to escape
the unemployment trap.
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where " "
W

= + — — (1 - W)ESAS,S—H
qs qs+1

(79)

Here we have dropped the j subscripts because all firms make the same choices.

The labour market matching function is:

M (us, vs) = u?v;’o‘ (80)

SO:
qs = 77817‘1 (81>

Firms are owned by the asset-rich, who are risk neutral, so the stochastic discount
factor A 541 = 3 for all periods s. The technology shock A equals 0 in steady state.
The steady state Phillips Curve is therefore:

P(1— BT — DI =1 — 5 +y(w + kn=a (1 — B(1 — w))) (82)

E.2 Solution method

Here we detail the method used to find the steady state Euler equation under rational
inattention in Figure 6. We begin by normalising current prices Ps to 1, and fixing
inflation at some level II. We then solve the rational inattention problem of an
employed household with a uniform prior belief and zero net wealth (b; = 0) (see
Section 4.3 for the details of this problem, and Appendix A for the solution method).
As in the simple model of Section 3, households choose signals with two discrete
realisations. As in Section 3.8, we take the two posteriors from the solution and
update them to form next-period priors using equation (16). As in the diagrams in
Section 3.8, we use a persistence of p = 0.9. We then solve the household problem
again for each of these prior beliefs, again for a household with by = 0.

In the simple model in Section 3.8, the posteriors formed with the updated prior
beliefs are the same as in the initial period with the uniform prior for all households.
While priors retain their logistic shape (the results from Matéjka (2016) still apply),
this is no longer exact in the HANK model, for two reasons. First, the updating of
prior beliefs affects the continuation value of savings. Households therefore face a
different value function in the initial period than in subsequent periods when they
have updated their priors. Second, by = 0 is not the only possible level of initial
wealth. A household receiving a signal that 7,,; is low in the initial period will

save more than a household receiving a signal that n,,; is high. Since wealthy
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households face a somewhat lower cost of mistakes than poorer households, if we
left the model as it is wealthy households would process a little less information than
poorer households. While all households with the wealth levels seen in steady state
in our calibration still choose a signal with two possible realisations, the extent to
which beliefs are updated from their priors, and so the shape of the prior beliefs in
the next period, would therefore depend on the household’s wealth history as well
as their previous signals.

Numerically, however, these differences are small. As an example, consider the
results when IT = 1.0025. If two households with by = 0 receive a signal that
Ns11 18 low, but they have the two different priors associated with each of the two
signal realisations from the uniform initial prior, the household with the high prior
has Egns1 = 0.259 and the household with the low prior has Esns; = 0.263.
Furthermore, we find that numerically the signals chosen by the two households
imply the same menu of savings choices relative to the decision rule of a household

40 Similarly, if a third household also has the prior

who knows 7y, for certain.
associated with a low signal from the uniform prior, but they have b, = 0.03,*! then
their low signal implies Esn, 1 = 0.280.

We therefore proceed by making two approximations to abstract from these
mechanisms. First, we abstract from the effects of wealth on information processing
by assuming that wealth can only enter household decisions through the action
strategy, not through the information strategy. That is, all households choose signals
as if they had zero assets. When they observe a realisation of the signal, however,
they respond to their newly updated hiring rate expectations taking account of their
wealth. Households that start a period with more wealth will choose to save more
than a poorer household with the same beliefs.

Intuitively, we think of a household contracting their information processing
to some outside agent. The information processor is given the household’s prior
beliefs, and the marginal cost of information, but not the household’s wealth. The

processor receives a signal and forms a posterior belief about 7, which it reports

40 As described in Appendix A, we set the range of values of household choices (in this case besy1)
for the rational inattention problem as the range of values that would be chosen by a fully-informed
household facing the same value function. The different priors of the two households imply different
continuation values, and so the equivalent fully-informed households choose different decision rules
(they are only fully-informed about the variable the inattentive household is learning about, so
not about values of the hiring rate in period s + 2 and onwards). Although the two inattentive
households choose a different menu of saving choices, we find that the menus are the same relative
to the ranges set by the decision rules of these corresponding fully-informed households.

41This would put them in the top 27.5% of the wealth distribution at the middle steady state,
where belief and wealth dispersion are very high relative to the other steady states. A wealth of
0.03 puts a household in the top 0.1% of the wealth distribution at the unemployment trap and
employment trap steady states.
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back to the household. The household then decides how much to save given that
posterior estimate. In this way wealth does not enter the information strategy (the
processor’s signal collection) but it does enter the action strategy (the household
savings choice).1?

Wealth and information are not independent: households who receive a signal
that n is low will save a lot, and so will become wealthier. They will have prior
beliefs in future periods which are biased towards low 7. There is therefore feedback
from signals and prior beliefs to wealth. The mechanism that our restriction removes
is that wealth, in turn, affects the optimal amount of information processed, and so
affects beliefs in future periods. The numerical results above suggest that this link
is weak, implying that the signals themselves do not differ very much by wealth,
even though actions in response to those signals do.

Our second approximation is that if a household receives a signal that 1, is low,
we set their prior for the following period to the low prior from period 2, after one
round of updating from the uniform prior. Similarly, if a household receives a high
signal, we set their subsequent prior equal to the high prior formed after one round
of belief updating. These approximations imply that households switch between a
set of two prior beliefs, as they do in the simple model. As in Section 3.8, we refer
to these priors as optimistic and pessimistic.

The resulting joint distributions f(ns41, bs+1) give, for each prior belief and initial
wealth by, the transition probabilities between beliefs and wealth levels at each level
of ns41. We discretise the range of possible wealth levels into a grid of 501 points
spaced equally on [—0.1,0.1]. This covers the vast majority of wealth levels seen
in steady state, with less than 0.15% of households at the boundaries at all points
along the steady state Euler equation. We find the stationary joint distribution of
beliefs and wealth for each level of the hiring rate using the transition probabili-
ties from the joint distributions, adjusted for the fact that a fraction w of workers
become unemployed each period, to be replaced by households newly hired from
unemployment, who have the same belief distribution as the rest of the employed
population, but who all have b, = 0.3 Summing over the wealth distribution gives
the net asset position of employed households. This declines monotonically as the

hiring rate rises, because the probability of receiving high signals rises, which en-

42Computationally, we implement this by assuming that the joint distribution f(n,41,bs41) for
a household with wealth by = b is equal to that found for the household with bs = 0, with the bs41
axis rescaled according to the range of bsy; choices made by a fully-informed household with the
same priors and wealth bs; = b.

43The prior belief distribution of newly hired households is identical to that of the population
as a whole in steady state because no information processing takes place while the household in
unemployed, so their priors remain as they were when they left employment.

23



courages households to save less. There is therefore at most one hiring rate at which
the net assets of employed households are zero, as required for the asset market to
clear. If there is no such point, the chosen level of inflation is never consistent with
a steady state of the Euler equation. If there is, we select the hiring rate consistent
with asset market clearing. The resulting pair (n,II) is a co-ordinate on the steady
state Euler equation. Repeating this process for a range of values for II allows us to

trace out the steady state Euler equation plotted in Figure 6.

E.3 Calibration

Table 4 lists the parameter values used to draw Figure 6 in Section 4 and Figure
9 in Appendix E.4. The calibration is monthly, and is based on Ravn and Sterk
(2020) Appendix A1.2. We set the annualised inflation target to 2%, the nominal
interest rate target such that the annualised real interest rate is 2% when inflation
is at target, and we choose the price stickiness parameter ¢ such that the linearised
Phillips Curve in a full-information, complete-insurance version of the model would
have the same slope as the Phillips Curve in an equivalent model with Calvo price
setting and an average price duration of 6 months. The parameter ¢, the marginal
cost of information, is set to ensure that each household always chooses an optimal
menu of savings choices with two discrete savings levels. We choose the wage so
that the full information steady state has a monthly hiring rate of 0.45, as in Shimer
(2005). Finally, the labour disutility parameter ¢ is set such that the household
is indifferent between employment and unemployment under full information. The
wage and home production value are therefore consistent with Nash bargaining when
the worker has no bargaining power (see Ravn and Sterk (2020) Appendix A1l for
details).
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Table 4: HANK model calibration

Parameter Name Value
vy Elasticity of substitution 6
[0) Price adjustment cost 146.3
k Vacancy posting cost 0.1w
e Elasticity of matching function 0.5
w Separation rate 0.02
w Real wage 0.83252
0 Home production value 0.8w
g Discount factor 0.995
1 Coefficient of risk aversion 2
¢ Disutility of labour (4w)™!
Y Information processing cost 0.025
I Monthly inflation target 1.021
R Monthly nominal interest rate target 1.0221
dn Taylor Rule parameter 1.5

E.4 Transitions

At the individual level there are transitions between different prior beliefs every
period, even when the aggregate economy is in steady state. As in Section 3.8,
in steady state households have either optimistic or pessimistic prior beliefs, and
while the proportions of these are constant at each of the steady states individual
households churn between the two priors. Table 5 gives the transition probabilities

between the two prior beliefs at each steady state:

Table 5: Prior belief transition matrices

(a) Unemployment trap (b) Middle steady state (¢) Employment trap
Ps+1 Os+1 Ps+1 Os+1 Ps+1 Os+1

P, 1 0.9993 | 0.0007 P, 1 0.9749 | 0.0251 P, | 0.4400 | 0.5600
O | 0.9149 | 0.0851 Os | 0.0531 | 0.9469 Os | 0.0002 | 0.9998

At the aggregate level, mutations to the distribution of prior beliefs; as studied
for the simple model in Section 3.9, can shift the economy between steady states.
To see this, we run a simulation of the model with mutations. At the start of
each simulation period, we draw two ‘mutation’ shocks. We first take a fraction
m,, of households with pessimistic priors and mutate their beliefs so they become

optimistic. The mutating households are drawn at random, so over the large popu-
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lation of households we take the same proportion of the pessimistic households from
each point in the wealth distribution. Simultaneously, we take a proportion m, of
households with optimistic priors and make them pessimistic.

We draw m,,, m, from an ii.d. truncated generalised Pareto distribution (loca-
tion=0, scale=0.1, shape=>50, truncated to be in the range [0, 1]). We use a fat-tailed
distribution to ensure that, on occasion, the system does transition from one steady
state to another - but that most of the time shocks will be small enough for the
economy to remain in the neighbourhood of the steady state.

Over many periods of random mutation shocks, the hiring rate displays a bimodal
distribution, spending most of the time close to the high employment steady state,
but occasionally transitioning and spending a substantial number of periods around
the unemployment trap before a sufficiently large mutation shifts the economy back

to the high steady state. This is shown in Figures 9a and 9b .

Figure 9: Results from hiring rate simulations
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